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1. INTRODUCTION
For 0 - a - n, we define the Riesz potential
< < aynU f x s x y y f y dy .  .Ha
for a measurable function f on Rn satisfying
ayn
< <1 q y f y dy - ` 1.1 .  . .H
nR
and
p b< <f y y dy - `, y s y , . . . , y . 1.2 .  .  .H n 1 n
nR
 .Note here that 1.1 is equivalent to the condition that
< <U f k `. 1.3 .a
We first study the limiting behavior of the qth hyperplane means of U fa
 .   . ny1 1 4over the surfaces D r s x s x9, x g R = R : x s r ; in fact wen n
show that
lim inf r nya pqb .r pyny1.r qS u s 0 .q r
rª0
 .  .  .for suitable q satisfying n y a p q b rp ) n y 1 rq, where u x9 sr
 .U f x9, r anda
1rq
q
S u s u x9 dx9 . .  .Hq r r /ny1R
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 .  .In case n y a p q b rp s n y 1 rq, we apply Sobolev's inequality to
 .show that S u is bounded. Next we consider the existence ofq r
lim r nya pqb .r pyny1.r qS ¨ s 0, .q r
rª0
 .  .  .  .where n y a p q b rp - n y 1 rq and ¨ x9 s U f x9, r yr a
 .U f x9, 0 .a
Similar results can be obtained for p-precise functions u on the half
  . ny1 1 4space D s x s x9, x g R = R : x ) 0 such thatn n
p b< <grad u x x dx - `; 1.4 .  .H n
D
w x w xfor p-precise functions, see Ohtsuka 12 and Ziemer 16 . For this purpose
w xwe may apply the integral representations given by 3, 8, 9 . We are
 .concerned only with harmonic functions on D satisfying 1.4 . Professor
w xYamashita 15, Theorem 3 showed that if u is a harmonic function on the
unit ball B satisfying
b2 2< <grad u x 1 y x dx - `, 0 O b O 1, .  .H
B
U  .  .  .  .then S u is bounded on 0, 1 for 1rq s n y 2 q b r2 n y 1 ) 0,q r
where
1rq1 qUS u s u rj dS j .  .  .Hq r  /v ­ Bny1
with v denoting the area of ­ B. We are able to give a generalization ofny1
his result only in case b - p y 1; the case b s p y 1 remains open.
w xThere are several results for Green potentials; see Gardiner 1 , Mizuta
w x w x w x10 , and Stoll 13, 14 . For local growth properties, we refer to Gardiner 2
w xand Mizuta 4, 5, 7, 11 .
2. HYPERPLANE MEANS OF POTENTIALS
In this paper, let M, M , M , . . . , denote various constants independent1 2
of the variables in question.
Set
< < aynR x , y s x y y , 0 - a - n. .a
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 .LEMMA 2.1. If y1 - b - 0 and 0 - a y n q q n - yb , then
1rq
q b aynqnqb .r q< <R x , y y dy O Mx .H a n n /
 .for any x s x9, x g D, where M is a positi¨ e constant independent of x.n
Proof. Consider the sets
E s y s y9, y : y P x r2 , 4 .1 n n n
E s y s y9, y : y - x r2 . 4 .2 n n n
< < < <If y g E , then x q x y y O 3 y . Hence, applying the polar coordi-1 n n n n
nates about x, we have
1rq
q b< <R x , y y dy .H a n /E1
1rq
bqayn.< < < < < <O M x y y x q y y x dy .H1 n n n /E1
1rq 1rq
` xnqayn.qb ny1 b r q qayn. ny1O M r r dr q M x r r drH H2 2 n  / /x 0n
O M x aynqnqb .r q .3 n
< < < < < <If y g E , then x q y O 3 x y y , so that, as above, we have2 n n n n
1rq 1rq
 .q q aynb b< < < < < <R x , y y dy O M x9 y y q x y dy .  .H Ha n 4 n n /  /E E2 2
1rq
`  .q ayn b ny1O M r q x r r dr .H5 n /0
O M x aynq bqn.r q ,6 n
 .where x9 is identified with the perpendicular projection x9, 0 of x.
 .  .LEMMA 2.2. Let a y n q n y 1 rq - 0. For x s x9, x and y sn
 . ny9, y in R ,n
1rq
q aynqny1.r q< <R x , y dx9 O M y y x . .H a n n /ny1R
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 .  .Proof. For x s x9, x and y s y9, y , setn n
< < < <r s x9 y y9 , a s y y x .n n
Then
1rq1rq
`  .q q ayn r22 2 ny2R x , y dx9 s M r q a r dr .  .H Ha 1 /  /ny1R 0
s M aaynqny1.r q .2
 w x.We need the following result cf. 10, Corollary to Lemma 2 .
LEMMA 2.3. Let 0 - d - 1 and m be a finite measure on R1. Then
d < <yd  4lim inf t t y s dm s s m 0 . .  .H
1tª0, t)0 R
THEOREM 2.1. Let b - p y 1, 1 O p O q, and
n y a p y 1 1 n y a p q b
- - . 2.1 .
p n y 1 q p n y 1 .  .
n  .If f is a nonnegati¨ e measurable function on R satisfying 1.2 , then
lim inf r nya pqb .r pyny1.r qS u s 0, .q r
rª0
 .  .where u x9 s U f x9, r for r ) 0.r a
Proof. First note that p ) 1 and
1 n y a p q b n y a
- - .
q p n y 1 n y 1 .
 .Take d , g such that
b - g - p y 1, 0 - d - 1,
p n y a d q a p y n ) 0, 2.2 .  .
p n y a d q a p y n - g - p n y a d q b y p n y 1 rq , 2.3 .  .  .  .
and
n y 1 n y 1 1
- d - q . 2.4 .
q n y a q n y a p n y a .  .  .
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 .Set a s 1 y d p* and b s yg p*rp, where 1rp q 1rp* s 1. Then it
 .follows from 2.2 that a ) nra*, where 1ra q 1ra* s 1. Further, note
 .that y1 - b - 0 and by 2.3 ,
b n
- y a - 0.
a a*
Using Holder's inequality and Lemma 2.1, we haveÈ
u x9 .x n
1rp* 1rp
p . d p1yd p* yg p*r p g< < < <O R x , y y dy R x , y y f y dy .  .  .H Ha n a n /  /
1rp
pd p gayn.1yd .qn r p*yg r p < <O M x R x , y y f y dy . .  .H1 n a n /
In view of Minkowski's inequality we obtain
S u O M x ayn.1yd .qn r p*yg r p .q x 1 nn
1rpprq
pd q g< <= R x , y dx9 y f y dy . .  .H H a n 5 /ny1R
 .  .  .Since a y n q n y 1 r d q - 0 by 2.4 , we have by Lemma 2.2
prq
d pd q aynqny1.rd q< <R x , y dx9 O M y y x . .H a 2 n n /ny1R
Consequently,
S u O M r ayn.1yd .qn r p*yg r p .q r 3
1rp
d p paynqny1.rd q gyb b< < < < < <= y y r y y f y dy . .H 5n n n /
For simplicity, set
d s y a y n q n y 1 rd q d p . .  .
 .Then 0 - d - 1 by 2.4 . Consider
K r , y s r pwnya pqb .r pyny1.r q xr pwayn.1yd .qn r p*yg r p x .n
< < w aynqny1.rd q xd p < <gyb= r y y y .n n
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 .In view of the right inequality of 2.3 , we see that
r nya pqb .r pyny1.r qr ayn.1yd .qn r p*yg r p s r nya .dq byg .r pyny1.r q ª 0
as r ª 0. Further, if y - 0 or 3rr2 - y , thenn n
 .  .  .nya d pq byg yp ny1 rq< <K r , y O M rr y O M ; .  .n 4 n 5
< <if y - rr2, then we also haven
K r , y O M . .n 6
< <If r y y - rr2, thenn
d < <ydK r , y O M r r y y . .n 7 n
 . < < b  . p .ny 1Now applying Lemma 2.3 with dm y s y H f y dy9 dy , wen n R n
insist that
lim inf r nya pqb .r pyny1.r qS u s 0. .q r
rª0
 4THEOREM 2.2. Let p ) 1, 0 O b - p min a , 1 y 1, and
1 n y a p q b
s ) 0.
q p n y 1 .
n  .If f is a nonnegati¨ e measurable function on R satisfying 1.2 , then
1rp
p b< <S u O M f y y dy .  .Hq r n /
for any r ) 0.
Proof. Applying Holder's inequality and the calculations as in LemmaÈ
2.1, we have
1rp* 1rp
pp* yb p*r p b< < < <u x9 O R x , y y dy y f y dy dy9 .  .  .H H Hx a n n n nn  /  /ny1R
1rp
paynq1r p*yb r p b< < < <O M x9 y y9 y f y dy dy9. .H H1 n n /ny1R
 .  .If 1rq s 1rp y a y 1rp y brp r n y 1 , then we apply Sobolev's in-
equality to establish the required inequality.
 .Remark 2.1. In case y1 - b - p y 1 and n y a p q b ) 0, 1.2 im-
 .  .plies 1.1 and thus 1.3 , by Holder's inequality.È
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3. BOUNDARY LIMITS IN S -NORMq
Consider the function
< < ayn < < aynK x , y s x y y y x9 y y , .a
 .where x9 is identified with the perpendicular projection x9, 0 of x s
 .x9, x . Setn
E x s y s y9, y : y ) x r2 , 4 .  .n n n n
F x s y s y9, y : y - x r2 . 4 .  .n n n n
 w x.  .  .LEMMA 3.1 cf. 6, Lemma 1 . If x s x9, x g D and y g E x , thenn n
ayn y2< < < <K x , y O Mx 2 y y x x y y x9 y y ; .  .a n n n
 .  .if x s x9, x g D and y g F x , thenn n
ayn y2< < < <K x , y O Mx x y 2 y x9 y y x y y . .  .a n n n
n  .For a point x g R and r ) 0, we denote by B x, r the open ball with
center at x and radius r.
LEMMA 3.2. Let b ) y1, a q* ) n, and
n b n 1 1
y a - - y a q 1, q s 1.
q* q q* q q*
Then
1rq
q b aynqnqb .r q< <K x , y y dy O Mx .H a n n /
 .for any x s x9, x g D, where M is a positi¨ e constant independent of x.n
Proof. Consider the sets
E s y s y9, y : y P 2 x , 4 .1 n n n
E s y s yX , y : x r4 - y - 2 x , 4 .2 n n n n
E s y s y9, y : y O x r4 . 4 .3 n n n
By Lemma 3.1, if y g E , then1
ayny1< <K x , y O 3Mx x y y , y y x - y - 2 y y x . .  .a n n n n n n
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 .Since a y n y 1 q n q b rq - 0, applying the polar coordinates about
x, we have
1rq 1rq
qq bb ayny1< < < <K x , y y dy O M x x y y y y x dy .  .H Ha n 1 n n n /  /E E1 1
1rq
`
qayny1.qb ny1O M x r r drH2 n  /xn
O M x aynqnqb .r q .3 n
If b O 0, then, by Lemma 3.1, we have
1rq
q b< <K x , y y dy .H a n /E2
1rq
qayn.b r q < <O M x x y y dyH4 n  / .B x , x r4n
1rq
b r qqayn.q M x dyH4 n  / .B x 0 , x r4n
1rq
ayny1.q b< < < <q M x x0 y y y y x r2 dyH4 n n n / .E yB x 0 , x r42 n
O M x br qqaynqn r q ,5 n
 .  .where x0 s x q x9 r2 s x9, x r2 ; if b ) 0, then, since 0 - a y n qn
nrq - 1, we have
1rq
q b< <K x , y y dy .H a n /E2
1rq
qayn.b r q < <O M x x y y dyH6 n  / .B x , x r4n
1rq
b r qqayn.q M x dyH6 n  / .B x 0 , x r4n
1rq
ayny1.q1qb r q < <q M x x0 y y dyH6 n  / .E yB x 0 , x r42 n
O M x br qqaynqn r q .7 n
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Finally, in the same way, we obtain
1rq
q b< <K x , y y dy .H a n /E3
1rq
ayn.q b< < < <O M x9 y y y dyH8 n / .B x 9 , x r4n
1rq
ayny1.q b< < < <q M x x9 y y y dyH8 n n /n  .R yB x 9 , x r4n
O M x aynqnqb .r q .9 n
The required inequality now follows.
LEMMA 3.3. Let
n y 1
n y a - - n y a q 2.
q
 .  . nIf x s x9, x g D and y s y9, y g R , thenn n
1rq
q  .ayny2q ny1 rq< < < <K x , y dx9 O Mx y y x r2 x q y . .  .H a n n n n n /ny1R
 .  . nProof. For x s x9, x g D and y s y9, y g R , setn n
< < < < < <r s x9 y y9 , a s y y x , b s y .n n n
If y ) x r2, then a - b, so thatn n
1rq
q
K x , y dx9 .H a /ny1R
1rq
` qayn y2 ny2< <O M x y y x r2 r q a r q b r dr .  .H1 n n n  /0
1rq
`by2 q ayn.q ny2 ayny2.q ny2< <O M x y y x r2 b r r dr q r r drH H1 n n n  /0 b
< < ayny2qny1.r qO M x y y x r2 b .2 n n n
The similar result also holds for y - x r2.n n
THEOREM 3.1. Let 1 O p O q, b - p y 1,
n y a p 1
-
p n y 1 q .
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and
n y a p q b 1 n y a y 1 p q b .
- - .
p n y 1 q p n y 1 .  .
n  .  .If f is a nonnegati¨ e measurable function on R satisfying 1.2 and 1.3 ,
then
lim r nya pqb .r pyny1.r qS ¨ s 0, .q r
rª0
 .  .  .where ¨ x9 s U f x9, r y U f x9, 0 for r ) 0.r a a
 .Proof. We treat only the case p ) 1. Take d , g such that
b - g - p n y a q 1 d q b y p n y 1 rq , 3.1 .  .  .
p n y a q 1 d q a y 1 p y n - g - p n y a d q a p y n , 3.2 .  .  .  .
b - g - p y 1,
n y a p
d ) , 3.3 .
p n y a .
and
n y 1 n y 1
- d - . 3.4 .
q n y a q 1 q n y a .  .
 .As in the proof of Theorem 2.1, set a s 1 y d p* and b s yg p*rp.
 .Then b ) y1 and by 3.3 ,
n 1 1
a ) , q s 1.
a* a a*
 .Further, 3.2 implies
n b n
y a - - y a q 1.
a* a a*
Hence, using Holder's inequality and Lemma 3.2, we haveÈ
1rp*
 .1yd p* yg p*r p< <¨ x9 O K x , y y dy .  .Hx a nn  /
1rp
pd p g< < < <= K x , y y f y dy .  .H a n /
1rp
pd p gayn.1yd .qn r p*yg r p < <O M x K x , y y f y dy . .  .H1 n a n /
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In view of Minkowski's inequality, we find
S ¨ O M x ayn.1yd .qn r p*yg r p .q x 1 nn
1rpprq
pd q g< <= K x , y dx9 y f y dy . .  .H H a n 5 /ny1R
 .Here, noting 3.4 , we have by Lemma 3.3
prq
d q
K x , y dx9 .H a /ny1R
d p .ayny2q ny1 rd q< < < <O M x y y x r2 x q y . .2 n n n n n
Consequently,
S ¨ O M r ayn.1yd .qn r p*yg r pqd .q r 3
d p .ayny2q ny1 rd q gyb< < < < < <= 2 y y r r q y y .H n n n 5
=
1rp
pb< <y f y dy . .n /
 .It follows from 3.1 that
r nya pqb .r pyny1.r qr ayn.1yd .qn r p*yg r pqd
s r nyaq1.dq byg .r pyny1.r q ª 0
as r ª 0. Consider
K r , y s r pwnya pqb .r pyny1.r q xr pwayn.1yd .qn r p*yg r p x .n
 .ayny2q ny1 rd q gyb< < < < < <= 2 y y r r q y d p y . .n n n
< <Further, if r - y , thenn
 .  .  .nyaq1 d pq byg yp ny1 rq< <K r , y O M rr y O M ; .  .n 4 n 4
< <if y O r, thenn
byg< <K r , y O M y rr O M . .  .n 5 n 5
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Hence Lebesgue's dominated convergence theorem implies that
lim r nya pqb .r pyny1.r qS ¨ s 0. .q r
rª`
 .  .  .LEMMA 3.4. Let n y 1 - q n y a . If x s x9, x g D, y s y9, y ,n n
and y ) x r2, thenn n
1rq
q
K x , y dx9 .H a /ny1R
y2aynqny1.r q< < < < < <O Mx y y x r2 x y y x q y ; .n n n n n n n
if y O x r2, thenn n
1rq
q y2aynqny1.r q< < < < < <K x , y dx9 O Mx y y x r2 y x q y . .  .H a n n n n n n /ny1R
 .  .Proof. For x s x9, x and y s y9, y , setn n
< < < < < <r s x9 y y9 , a s y y x , b s y .n n n
If y ) x r2, then a - b, so that Lemma 3.1 givesn n
1rq
q
K x , y dx9 .H a /ny1R
1rq
` qayn y2 ny2O M x y y x r2 r q a r q b r dr .  .  .H1 n n n  /0
O M x y y x r2 aaynqny1.r qby2 . .2 n n n
The second case also follows in the same manner.
THEOREM 3.2. Let 1 O p O q, b - p y 1,
n y a p y 1 1 n y a p
- O ,
p n y 1 q p n y 1 .  .
and
n y a p q b 1 n y a y 1 p q b .
- - .
p n y 1 q p n y 1 .  .
n  .  .If f is a nonnegati¨ e measurable function on R satisfying 1.2 and 1.3 ,
then
lim inf r nya pqb .r pyny1.r qS ¨ s 0, .q r
rª0
 .  .  .where ¨ x9 s U f x9, r y U f x9, 0 for r ) 0.r a a
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Proof. We treat only the case p ) 1. First note that
1 n y a p n y a
O - .
q p n y 1 n y 1 .
 .Take d , g such that
b - g - p y 1, 0 - d - 1,
p n y a d q b y p n y 1 rq .  .
- g - p n y a q 1 d q b y p n y 1 rq , 3.5 .  .  .
p n y a q 1 d q a y 1 p y n - g - p n y a d q a p y n , 3.6 .  .  .  .
n y a p
d ) , 3.7 .
p n y a .
and
n y 1 n y 1 1
- d - q . 3.8 .
q n y a q n y a p n y a .  .  .
 .As before, set a s 1 y d p* and b s yg p*rp. Then b ) y1, a ) nra*
 .by 3.7 , and
n b n
y a - - y a q 1
a* a a*
 .by 3.6 . Applying Holder's inequality and Lemma 3.2, we haveÈ
1rp*
 .1yd p* yg p*r p< <¨ x9 O K x , y y dy .  .Hx a nn  /
1rp
pd p g< <= K x , y y f y dy .  .H a n /
1rp
pd p gayn.1yd .qn r p*yg r p < <O M x K x , y y f y dy . .  .H1 n a n /
Minkowski's inequality yields
S ¨ O M x ayn.1yd .qn r p*yg r p .q x 1 nn
1rpprq
pd q g< <= K x , y dx9 y f y dy . .  .H H a n 5 /ny1R
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Here, in view of Lemma 3.4, we find
prq
d q
K x , y dx9 .H a /ny1R
d py2aynqny1.rd q< < < < < <O M x y y x r2 x y y x q y .2 n n n n n n n
d py2aynqny1.rd q< < < < < <q M x y y x r2 y x q y . .2 n n n n n n
Consequently,
S ¨ O M r ayn.1yd .qn r p*yg r pqd .q r 3
aynqny1.rd q< < < <= 2 y y r r y yH n n
d p py2 gyb b< < < < < <= r q y y y f y dy . .n n n/
d py2aynqny1.rd q< < < < < <q 2 y y r y r q y .H n n n
=
1rp
pgyb b< < < <y y f y dy . .n n/ 5
 .Here note from 3.5 that
r nya pqb .r pyny1.r qr ayn.1yd .qn r p*yg r pqd
s r nyaq1.dq byg .r pyny1.r q ª 0
as r ª 0. Consider
k r , y s r pwnya pqb .r pyny1.r q xr pwayn.1yd .qn r p*yg r pqd x .n
aynqny1.rd q aynqny1.rd q< < < < < <= 2 y y r r y y q y 4n n n
d py2 gyb< < < <= x q y y . .n n n
If 3rr2 - y , thenn
 .  .  .nyaq1 d pq byg yp ny1 rq< <k r , y O M rr y O M ; .  .n 4 n 5
if y3rr2 - y O rr2, thenn
 .  .ayn pdqp ny1 rqqgyb< <k r , y O M 1 q y rr O M ; .  . 5n 6 n 7
< <finally, if r y y - rr2, thenn
d < <ydk r , y O M r r y y .n 8 n
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 .  .  .with d s n y a pd y p n y 1 rq. Here note that 0 - d - 1 by 3.8 .
Hence it follows from Lemma 2.3 that
lim inf r nya pqb .r pyny1.r qS ¨ s 0. .q r
rª0
4. HYPERPLANE MEANS OF HARMONIC FUNCTIONS
First we note the following integral representation of p-precise func-
w xtions on the half space D by 8, Lemma 3 .
LEMMA 4.1. If y1 - b - p y 1 and u is a p-precise function on D
satisfying
p bgrad u x x dx - `, 4.1 .  .H n
D
then there exists a constant c such that
n x y y ­ uj j
u x s c dy q A 4.2 .  . H n< <x y y ­ yjjs1
 .for almost e¨ery x g D, where A is a constant determined by u, u y9, y sn
 .  .  .u y9, y for y ) 0, and u y9, y s u y9, yy for y - 0.n n n n n
 .Remark 4.1. If in addition u is harmonic in D, then 4.2 holds for
every x g D and, moreover,
n x y y ­ uj j
dy s 0 H n< <x y y ­ y .B x , r jjs1
whenever 0 - r - x .n
Remark 4.2. Note that
p b< <grad u x x dx - `. .H n
nR
Consider
x y yj j nk x , y s for y g R y B x , x ; .  .nj n< <x y y
 .  .set k x, y s 0 on B x, x .j n
HYPERPLANE MEANS OF POTENTIALS 241
 .LEMMA 4.2. If y1 - b - n y 1 q y n, then
1rq
q b 1ynq bqn.r q< <k x , y y dy O Mx .H j n n /
 .for any x s x9, x g D.n
Proof. As in Lemma 2.1, we have
1rq
q b< <k x , y y dy .H j n /E1
1rq
bq1yn.< < < < < <O M x y y x q y y x dy .H1 n n n / .E yB x , x1 n
1rq
`
q1yn.qb ny1O M r r drH2  /xn
O M x1ynqnqb .r q3 n
and
1rq 1rq
q  .q 1ynb b< < < < < <k x , y y dy O M x9 y y q x y dy .  .H Hj n 4 n n /  /E E2 2
1rq
`  .q 1yn b ny1O M r q x r r dr .H5 n /0
O M x1ynq bqn.r q .6 n
 .  . nLEMMA 4.3. Let q ) 1. For x s x9, x and y s y9, y in R ,n n
1rq
q  .y ny1 rq*< <k x , y dx9 O M x q x y y , .  .H j n n n /ny1R
where 1rq q 1rq* s 1.
< < < < 2 < < 2Proof. If x y y - x r2 and x y y ) x , then x - x9 y y9 qn n n n n
 .2 < < 2  .2 < <x y y - x9 y y9 q x r2 , so that x r2 - x9 y y9 . Thus we haven n n n
1rq1rq `q  .q 1yn ny2k x , y dx9 O M r q x r dr .  .H Hj 1 n /  /0
O M x1ynqny1.r q .2 n
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In general we have
1rq1rq `  .q 1yn r2q 22 ny2k x , y dx9 O M r q x y y r dr .  . .H Hj 3 n n /  /0
< <1ynqny1.r qO M x y y .4 n n
Therefore the required inequality follows.
THEOREM 4.1. Let y1 - b - p y 1, 1 O p O q, and
1 n y p q b
- .
q p n y 1 .
 .If u is a harmonic function on D satisfying 4.1 , then there exists a number A
such that
lim r nypqb .r pyny1.r qS u y A s 0, .q r
rª0
 .  .where u x9 s u x9, r for r ) 0.r
Proof. We are concerned only with the case p ) 1. First note that
1 n y p q b
- - 1.
q p n y 1 .
 .Take d , g such that
b - g - p y 1, 1rq - d - 1
and
p n y 1 d q p y n - g - p n y 1 d q b y p n y 1 rq. 4.3 .  .  .  .
 .Set a s 1 y d p* and b s yg p*rp, where 1rp q 1rp* s 1. Then note
 .that b ) y1 and by the left inequality of 4.3 ,
b n
- y 1,
a a*
where 1ra q 1ra* s 1. By Lemma 4.1, u is of the form
n x y y ­ uj j
u x s c dy q A. .  H n< <x y y ­ yjjs1
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Hence, using Holder's inequality and Lemma 4.2, we haveÈ
u x9 y A .x n
1rp*n
 .1yd p* yg p*r p< < < <O c k x , y y dy . H j n /
js1
1rp
d p pg< <= k x , y y f y dy .  .H j n /
1rpn
d p pg1yn.1yd .qn r p*yg r p < <O M x k x , y y f y dy , .  . H1 n j n /
js1
 . <  . <  .where f y s grad u y . Note here that f satisfies 1.2 . In view of
Minkowski's inequality we obtain
S u y A O M x 1yn.1yd .qn r p*yg r p .q x 1 nn
1rpprqn
d q pg< <= k x , y dx9 y f y dy . .  . H H j n 5 /ny1Rjs1
By Lemma 4.3, we find
S u y A .q r
O M r 1yn.1yd .qn r p*yg r p2
1rp
d p .  . p1yn q ny1 rd q gyb b< < < < < <= r q y y r y y f y dy . . .H n n n 5 /
Consider
K r , y s r pwnypqb .r pyny1.r q xr pw1yn.1yd .qn r p*yg r p x .n
w  . x1ynq ny1 rd q d p gyb< < < <= r q r y y y . .n n
 .In view of the right inequality of 4.3 , we see that
lim K r , y s 0 .n
rª0
< <for fixed y . Further, if y ) 2 r, thenn n
 .  .  .ny1 d pq byg yp ny1 rq< <K r , y O M rr y O M ; .  .n 3 n 3
< <if y O 2 r, thenn
K r , y O M . .n 4
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Hence it follows from Lebesgue's dominated convergence theorem that
lim inf r nypqb .r pyny1.r qS u y A s 0. .q r
rª0
Remark 4.3. In case p ) 1, y1 - b - p y 1, and u is a harmonic
 .  .function on D satisfying 4.1 , it follows from Theorem 2.2 that S u y Aq r
 .  .  .is bounded on 0, ` for 1rq s n y p q b rp n y 1 ) 0. Professor Ya-
w xmashita 15, Theorem 3 treated the case when u is a harmonic function
on B satisfying
b2 2< <grad u x 1 y x dx - `, 0 O b O 1. .  .H
B
The case b s p y 1 is open.
5. BEST POSSIBILITIES
We show that the power of r in Theorem 2.1 is best possible. For this
purpose, consider the function
< < a < <ybf y s y y , for y g B 0, 1 y D ; .  .n
 .set f y s 0 elsewhere. For d ) 0, let
a s y b q 1 rp q d , b s n y 1 rp. .  .
Then it is easy to see that
p b< <f y y - `. .H n
Define a harmonic function u on D by setting
x y yn n
u x s f y dy. .  .H n< <x y y
w xIn view of 8, Lemma 1 , if y1 - b - p y 1 and p ) 1, then
p b< <grad u x x dx - `. .H n
nR
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 .For x g D l B 0, 1r2 , find
x y yn n
u x P f y dy .  .H n< <x y y .B x , x r2n
1qa < <ybP M x x ,1 n
 .  .where x s x9, yx for x s x9, x . Hence, if q ) 0 and 0 - r - 1r4,n n
then we have
1rq
yb qr221qa 2< <S u P M r x9 q r dx9 .  .Hq r 1  / < < 4x 9 : x 9 -r
P M r1qaybqny1.r q2
s M ry nypqb .r pqny1.r qqd .2
This implies that the exponent of Theorem 2.1 is best possible. Similarly, if
we set
1yn 1yn< < < <¨ x s x y y y x y y f y dy , .  . .H
then
S ¨ P M ry nypqb .r pqny1.r qqd . .q r 3
Thus the exponent of Theorems 3.1 and 3.2 is best possible, too.
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